Among the expected sources of gravitational waves for the Laser Interferometer Space Antenna (LISA) is the capture of solar-mass compact stars by massive black holes residing in galactic centers. We construct a simple model for such a capture, in which the compact star moves freely on a circular orbit in the equatorial plane of the massive black hole. We consider the gravitational waves emitted during the late stages of orbital evolution, shortly before the orbiting mass reaches the innermost stable circular orbit. We construct a simple model for the gravitational-wave signal, in which the phasing of the waves plays the dominant role. The signal's behavior depends on a number of parameters, including µ, the mass of the orbiting star, M , the mass of the central black hole, and J , the black hole's angular momentum. We calculate, using our simplified model, and in the limit of large signal-to-noise ratio, the accuracy with which these quantities can be estimated during a gravitational-wave measurement. For concreteness we consider a typical system consisting of a 10 M black hole orbiting a nonrotating black hole of mass 10 6 M , whose gravitational waves are monitored during an entire year before the orbiting mass reaches the innermost stable circular orbit. Defining χ ≡ cJ/GM 2 and η ≡ µ/M , we find ∆χ 5 × 10 −2 /ρ, ∆η/η 6 × 10 −2 /ρ, and ∆M/M 2 × 10 −3 /ρ. Here, ρ denotes the signal-to-noise ratio associated with the signal and its measurement. That these uncertainties are all much smaller than 1/ρ, the signal-to-noise ratio level, is due to the large number of wave cycles received by the detector in the course of one year. These are the main results of this paper. Our simplified model also suggests a method for experimentally testing the strong-field predictions of general relativity.
I. INTRODUCTION AND SUMMARY

A. Space-based gravitational-wave detectors
The Laser Interferometer Space Antenna (LISA) project [1] was proposed in December 1993 as a cornerstone project for the "Horizon 2000 Plus" program of the European Space Agency. If the project is realized, LISA might start searching for gravitational waves in the year 2010.
The LISA interferometer consists of three pairs of spacecrafts, each pair located at the corners of an equilateral triangle. The constellation moves on a heliocentric orbit at 1 AU, following the Earth by an angle of 20
• . Each side of the triangle has a length of 5 × 10 6 km, and the plane of the triangle is oriented at 60
• with respect to the ecliptic.
LISA uses laser interferometry to detect gravitational waves in the frequency band between 0.1 and 100 mHz. Such waves have much too low a frequency to be measurable by Earth-based interferometers, which are severely limited by seismic noise at these frequencies [2] . LISA's projected sensitivity is such that a gravitational wave of amplitude 10 −23 would give rise to a signal-to-noise ratio of 5 after one year of observation.
Among the expected sources of gravitational waves relevant to LISA are solar oscillations [3] , binary systems of normal and compact stars within the galaxy [4] , massive black-hole binaries in other galaxies [1] , and primordial gravitational waves [5] .
In this paper we consider another type of source, also expected to be highly relevant: the capture of solar-mass compact stars by massive black holes [6, 7] .
B. Stellar capture by massive black holes
The most likely explanation for active galactic nuclei involves the tidal disruption of normal stars by a massive black hole residing in the galactic center. It is plausible that compact stars (such as neutron stars and black holes) will also be captured by the massive black hole. However, such stars will not be disrupted, and their complex orbital motion will generate gravitational waves [6] . If the central black hole has a mass in the interval between 10 5 and 10 7 solar masses, then these waves will have their frequency within the LISA bandwidth [1] , and will be detected if they are sufficiently strong.
It is expected that typically, a captured star will move on a highly eccentric orbit around the massive black hole [6] [7] [8] [9] . Such orbits are easily perturbed by the other stars in the galactic nucleus, and this can have a damaging effect on the gravitational-wave signal. The probability for an orbit to be perturbed decreases with increasing values of the orbiting mass. For this reason it is judged [1, 10] that the capture of compact stars with masses in the interval between 5 and 10 solar masses would be the most relevant for observations by LISA. Compact stars of such masses cannot be neutron stars, and would therefore be black holes. It was estimated [1, 10] that the rate of occurrence for such events could be as large as several per year, and that the signal-to-noise ratio could be near 40 for a capture occurring at a distance corresponding to a cosmological redshift of one.
In this paper we consider the gravitational waves produced during the capture of a 10 M black hole by a massive, 10 6 M black hole. We are specifically interested in what can be learned from observing these waves.
C. Information carried by the waves
The gravitational waves produced during the capture of a compact star by a massive black hole are rich in information. In principle, measuring the waves should allow us to extract the value of the black-hole parameters (mass and angular momentum), as well as to test the strong-field predictions of general relativity [11] . In this paper we wish to propose a strategy for doing both.
A possible method for extracting the black-hole parameters, which we shall not explore in this paper, would go as follows [12] .
The gravitational waves generated by the bound motion of a mass around a center come with a certain distribution in frequency. For example, circular motion in the equatorial plane of a black hole produces waves with frequencies at every harmonic of the orbital frequency [13] . (The strongest waves come at twice the orbital frequency.) As an other example, the gravitational waves produced by a mass in eccentric motion (also in the equatorial plane) come in harmonics of two fundamental frequencies [7, 9, 8] , respectively associated with the angular and radial components of the motion.
Precisely how the waves are distributed in frequency depends on the orbital parameters (for example, the eccentricity). Measuring the distribution at some moment in time therefore leads to an estimation of these parameters. Now, because the system is losing energy and angular momentum to gravitational waves, the orbital parameters are not constant, but evolve in time. Precisely how they do so depends on the black-hole parameters (and also on the mass of the orbiting object). Measuring how the orbital parameters evolve in time therefore leads to an estimation of the black-hole parameters.
Such a method was recently examined by Finn, Ori, and Thorne [12] , in the restricted context of circular, equatorial orbits. The method involves measuring the relative amplitude of each frequency component of the gravitational waves. In Sec. V we will see that amplitude measurements typically come with relative statistical uncertainties of order 1/ρ, where ρ is the signal-to-noise ratio associated with the signal and its measurement. (The uncertainty is due to the detector noise.) It follows that by using this method, the estimation of the black-hole parameters can be effected with a relative accuracy of order 1/ρ.
Another method for extracting the black-hole parameters, also not explored in this paper, would involve monitoring that part of the gravitational-wave signal which corresponds to the black hole settling down after the orbiting mass' final plunge [14, 15] . This part of the signal is strongly dominated by the black-hole quasi-normal modes [16] , whose frequencies and damping times are functions of the hole's mass and angular momentum. Such a method was examined by Echeverria [14] and Finn [15] , who also conclude that the black-hole parameters can be estimated with a relative accuracy of order 1/ρ.
The method considered in this paper is essentially due to Finn and Chernoff [17] , and to Cutler and Flanagan [18] . It goes as follows.
As was pointed out above, the gravitational waves come in many frequency components. One of these, preferably the dominant one, is selected, and its phase is carefully monitored. Let us denote by f the frequency of this component. Because the system loses energy and angular momentum to gravitational waves, f increases slowly with time. The phasing of the waves is determined by df /dt, the rate of change of the frequency. In turn, this depends on the black-hole parameters (and also on the mass of the orbiting object). Monitoring the phase therefore leads to a way of estimating the black-hole parameters.
We will show in Sec. V that the estimation of those parameters which influence the phasing of the waves can be effected with a relative accuracy of order 1/ρ eff , where the effective signal-to-noise ratio is given by ρ eff = 2πN ρ. Here, N is the total number of wave cycles received by the gravitational-wave detector. This number will be estimated in Sec. III: For a binary system consisting of two black holes, one of mass 10 M , the other of mass 10 6 M , and for a signal monitored during an entire year, N 10
5 . The method considered in this paper therefore leads to a much enhanced accuracy for the estimation of the black-hole parameters.
D. Realistic captures and our simplified model
The realistic description of a capture is complicated. The captured star moves on a highly eccentric orbit [6] [7] [8] [9] which may not lie in the equatorial plane of the massive black hole. The orbital parameters (such as periastron and eccentricity) evolve in time, in part stochastically (due to perturbation by other stars) and in part secularly (due to gravitational radiation reaction).
To model a realistic capture, and to calculate the gravitational waves emitted, is a difficult problem. To a first approximation, in which one ignores the external perturbation and the radiation reaction, the orbit is accurately represented by a bound geodesic of the Kerr spacetime [19, 20] . Such an orbit is characterized by three parameters: orbital energy, orbital angular momentum, and a third called the Carter constant.
An improved approximation would incorporate a small stochastic variation of these parameters, which would account for the external perturbation, and also a small secular variation, which would account for the radiation reaction [7] [8] [9] . This approximation should be quite accurate if the density of stars is sufficiently low near the central black hole.
The main difficulty preventing this problem from finding a solution resides in the fact that no prescription is currently available for calculating the secular evolution of the Carter constant. (See, however, Refs. [21] [22] [23] . The evolution of the other orbital parameters is obtained by computing how much energy and angular momentum are carried off by the gravitational waves. This is done by applying the methods of black-hole perturbation theory [7] [8] [9] .) However, because of the system's small mass ratio, this problem should be much more tractable than the nonrestricted general relativistic two-body problem, which currently is only amenable to post-Newtonian methods [24] .
In this paper we choose to simplify the problem as much as possible, in order to introduce a simple, analytic expression for the gravitational-wave signal. We shall assume that the captured object moves freely on a circular orbit in the equatorial plane of the massive black hole. We shall ignore all external perturbations, and focus on the secular evolution induced by the emission of gravitational waves. Because the orbit is circular and equatorial, this evolution is dictated entirely by the loss of orbital energy. And because the ratio of the two masses is small, this loss is accurately computed using the methods of black-hole perturbation theory [25] .
E. Model gravitational-wave signal
As the system loses energy and angular momentum to gravitational waves, f, the frequency of the selected gravitational-wave component, slowly increases. For a circular orbit, the dominant component is at twice the orbital frequency; if Ω denotes the angular velocity of the orbiting mass, then 2πf = 2Ω. It can be shown [9] that during most of the orbital evolution, the adiabatic approximation holds. This states that the radiation reaction timescale is much longer than the orbital period, so that df /dt 1/f 2 . Our analysis relies heavily on the adiabatic approximation.
There exists an upper bound for the gravitational-wave frequency, which we denote by f 0 . This bound is set by the innermost stable circular orbit (ISCO) of the Kerr spacetime, and is equal to Ω 0 /π, where Ω 0 is the angular velocity of a test mass moving on the ISCO. The gravitational waves therefore sweep up in frequency until f = f 0 . At this point, the orbiting mass can no longer maintain a circular orbit, and is forced to plunge into the massive black hole, thereby shutting off the gravitational waves. It should be noted that the adiabatic approximation necessarily breaks down as the orbiting mass reaches the ISCO [9] .
We shall focus our attention on that part of the orbital evolution for which the gravitational waves are strongest and most interesting. This corresponds to the very late stages, shortly before the orbiting mass reaches the ISCO. If we assume that f is always very close to f 0 , then we may express all relevant quantities as Taylor expansions about the ISCO.
We are mostly interested in the phasing of the waves, which is determined by df /dt. We will find in Sec. II B that this can be expressed as
Here, V and α are dimensionless expansion coefficients which depend on µ, the mass of the orbiting star, M , the mass of the central black hole, and |χ| ≡ J/M 2 , its dimensionless angular-momentum parameter. (We use units such that G = c = 1; J denotes the black hole's spin angular momentum, and χ will be defined more precisely in Sec. IV.) The dots denote terms of higher order in 1 − f/f 0 . It is to be noted that Eq. (1.1) is singular at f = f 0 . This reflects the breakdown of the adiabatic approximation at the ISCO. This issue is discussed in detail in Sec. II C.
We use Eq. (1.1) to construct a model for the gravitational-wave signal originating from the capture of a compact star by a massive black hole. The model signal then depends on the parameters f 0 , V, and α, which codify information about the source. We ask how well these parameters can be estimated during a gravitational-wave measurement, and what they can tell us about µ, M , and χ.
In the following we will refer to {f 0 , V, α} as the signal parameters, and to {µ, M, χ} as the source parameters.
F. A remark on our expansion approach
The expansion (1.1) is accurate only if 1 − f/f 0 is always much smaller than unity. We must ask whether this is true for a system with µ = 10 M , M = 10 6 M , whose gravitational waves are monitored for an entire year before the orbiting mass reaches the innermost stable circular orbit. The answer, most unfortunately, is no. For such a system, as we shall see in Sec. III, ε ≡ ∆f/f 0 1.1, where ∆f is the frequency interval over which the signal is monitored.
To build a model signal upon such expansions as Eq. (1.1) therefore seems a bad idea if one is at all interested in accuracy. Should we then give up this approach and do something better? We choose to give a negative answer: We will not give up, and we shall proceed with our expansions, even though the resulting signal may not be very accurate.
The reason is that to provide a better representation for df /dt would require a great deal more work, and could not be done in the simple, analytic way advocated in this paper. Indeed, the gravitational-wave signal would have to be generated numerically. Now, numerical signals will have to be provided when an attempt is made to construct more sophisticated models, for example, models that incorporate highly eccentric orbits. However, we feel it would not be worthwhile to introduce numerical signals at this stage.
Instead, for the sake of simplicity, we shall continue to treat 1 − f/f 0 as a formally small quantity, and to carry out expansions in powers of that quantity. We hope that our conclusions will not depend strongly on this assumption, and that we can safely put ε 1 at the end of the calculation.
G. The main results
Our model gravitational-wave signal is characterized by the parameters f 0 , V, and α, which are functions of the source parameters µ, M , and χ.
The signal parameters can be estimated during a gravitational-wave measurement. The statistical uncertainties associated with such an estimation are calculated in detail in Sec. V, in the limit of large signal-to-noise ratio. For concreteness we consider a typical system consisting of a 10 M black hole orbiting a nonrotating black hole of mass 10 6 M , whose gravitational waves are monitored for an entire year before the orbiting mass reaches the innermost stable circular orbit. For such a system we find that the measurement uncertainties are given by
where ρ is the signal-to-noise ratio. A more precise, and more general, statement of these results appears in Eq. (5.12). These uncertainties should be compared with that associated with A, the signal's amplitude parameter: ∆A/A = 1/ρ. That the phase parameters can be estimated much more accurately is due to the large number of wave cycles received by the detector. We indeed recall that N ∼ 10 5 . Equations (1.2) imply that the source parameters χ, η ≡ µ/M , and M can be determined with uncertainties
A more precise, and more general, statement of there results can be found in Sec. V C. We recall from Sec. I B that gravitational waves produced during a capture occurring at cosmological distances could be measured with ρ 40.
H. Testing general relativity
In order to obtain Eqs. (1.3) from (1.2), the relation between the source parameters {µ, M, χ} and the signal parameters {f 0 , V, α} must be known. This relation is based upon two conditions: that the central mass is a Kerr black hole, and that the system emits gravitational waves according to the quantitative predictions of Einstein's theory. Indeed, general relativity is used to calculate dE/dt, the energy lost per unit time to gravitational waves. It is also used to write f = Ω/π, the statement that the strongest waves come at twice the orbital frequency. On the other hand, the Kerr metric is used to calculate dE/dΩ, the relation between orbital energy and angular velocity. Putting all this together gives df /dt in terms of the source parameters.
It is easy to imagine a situation in which either one, or both, of these conditions would be violated. For example, the central mass could be something quite different from a Kerr black hole, or Einstein's theory could make wrong predictions regarding the emission of gravitational waves. As a specific example, we may recall that in the Brans-Dicke theory [26] , the existence of scalar radiation implies a different result for dE/dt from what is predicted by general relativity [27] . However, by virtue of the uniqueness of the Kerr black hole [28] , the relation dE/dΩ is preserved in the Brans-Dicke theory.
A breakdown of what we shall call the standard model (general relativity is valid and the central mass is a Kerr black hole) does not logically invalidate Eq. (1.1). Indeed, this equation is based solely on the assumptions that the orbiting mass moves on a circular orbit, and that the spacetime possesses an innermost stable circular orbit. These conditions could easily be preserved in an alternative model.
The standard model implies a particular relationship between the source and signal parameters. Another model would presumably imply a different relationship. We may therefore ask whether a measurement of the signal parameters might allow us to test the validity of the standard model. This question is considered in Sec. V D, where we show that a measurement of α outside the interval (−∞, 1.8) would unambiguously signal the breakdown of the standard model.
I. Conclusion
The analysis presented in this paper is by no means definitive, and needs to be improved in many respects. First, the crude representation (1.1) for df /dt will have to be replaced by something more reliable, presumably of numerical form. Second, the unrealistic assumption that the orbit must be equatorial and circular will have to be removed. All of this will require a great deal of effort.
However, our simplified analysis should not be criticized too harshly. It is, after all, a first approach to a difficult problem. And our conclusions show promise: We believe that our results (1.3) for the measurement accuracies -most especially the fact that the phasing method yields uncertainties which are much smaller than 1/ρ -provide ample motivation for pursuing this work and adding new layers of complexity.
J. Organization of this paper
We begin in Sec. II with a detailed introduction of our model for the gravitational-wave signal. The assumptions are reviewed and explained in Sec. II A. The signal is explicitly constructed in Sec. II B. Finally, some of the approximations employed are motivated in Sec. II C.
In Sec. III we consider a specific case of the general framework introduced in Sec. II, in which the central mass is a Schwarzschild black hole. This section also provides numerical estimates for such quantities as f 0 , V, α, ε, and N .
In Sec. IV we generalize the discussion of Sec. III to the case of a Kerr black hole.
Section V contains a discussion of the statistical uncertainties associated with the estimation of the signal parameters. In Sec. V A we re-introduce the model signal. In Sec. V B, expressions are derived for the measurement uncertainties. These are converted, in Sec. V C, into uncertainties for the source parameters, assuming the validity of the standard model. Finally, in Sec. V D, a method is proposed to test the validity of the standard model.
The Appendix contains a general discussion of orbital motion in spacetimes which are stationary, asymptotically flat, axially symmetric, and reflection symmetric about the equatorial plane. (The orbits are restricted to this plane.) The equations of motion are introduced in Sec. A 1. Circular orbits are defined precisely in Sec. A 2. In Sec. A 3 we consider two neighboring circular orbits, and derive relationships between the displacements in radius, energy, angular momentum, and angular velocity. Finally, the innermost stable circular orbit is defined precisely in Sec. A 4.
II. MODEL GRAVITATIONAL-WAVE SIGNAL
In this section we introduce our model for the gravitational waves emitted during the late stages of orbital evolution of a binary system with small mass ratio, shortly before the smaller mass reaches the innermost stable circular orbit associated with the larger mass. In Sec. II A we list and explain the assumptions involved in formulating the model. In Sec. II B we construct the signal. In Sec. II C we discuss the validity of some of the approximations used in subsection B.
A. Assumptions
To formulate the model we shall make a number of assumptions. These are listed and explained below.
Assumption 1: The binary system consists of a small mass µ and a large mass M , so that µ/M 1. In typical situations we shall take µ = 10 M and M = 10 6 M . Assumption 2: The spacetime geometry associated with the mass M is stationary, asymptotically flat, axially symmetric, and reflection symmetric about the equatorial plane. However, it is not assumed that M is a Kerr black hole, or even that the metric is a solution to the Einstein field equations. Although most of this paper will be devoted to the specific case of a Kerr black hole, we wish to keep the framework as general as possible in order to later identify a strategy for experimentally testing the predictions of general relativity.
Assumption 2 leads to a number of simplifications. First, the fact that the spacetime is stationary and axially symmetric implies that Ω = dφ/dt, the angular velocity of the orbiting mass µ, is uniform if the orbit is circular. Here, φ is the angle that goes around the axis of symmetry, and t is proper time for observers at rest at infinity. Second, the fact that the spacetime is reflection symmetric about the equatorial plane implies that if started in this plane, the orbit will remain in the plane forever (whether it is circular or not). Consequently, we can further impose:
Assumption 3: The mass µ moves on a circular orbit in the equatorial plane of the mass M . This assumption is imposed solely for the sake of simplicity, and cannot be expected to hold in realistic situations. This was discussed in detail in Sec. I D.
Assumption 4: The spacetime possesses an innermost stable circular orbit (ISCO). The ISCO is defined to be that particular circular orbit for which an infinitesimal change in orbital energy induces a large change in the orbital radius, or in the angular velocity Ω.
The ISCO can be thought of as the limiting member of a sequence of circular orbits, each labeled by the value of its angular velocity. For Ω smaller than the critical value Ω 0 , stable circular orbits exist; for Ω larger than Ω 0 , circular orbits are no longer mechanically stable. Bound orbits within the ISCO all plunge toward the mass M .
Assumption 5: The binary system emits gravitational waves. It is not assumed that Einstein's theory gives the correct description of gravitational radiation, for the same reason as was expressed in the context of assumption 2.
Due to the emission of gravitational waves, the system loses energy and angular momentum, and as a result, the mass µ undergoes orbital evolution: its angular velocity does not stay constant but keeps on increasing as the orbital radius decreases.
Combining assumptions 1 and 5 leads to the consequence that while Ω increases due to the radiation reaction, this increase occurs adiabatically [9] : the timescale for the increase is much larger than the orbital period. The orbital evolution can therefore be represented by a succession of circular orbits (ordered by the increasing value of the angular velocity), with the mass µ moving quasi-statically from one orbit to the next.
It is important to state that the adiabatic approximation must break down as the orbiting mass reaches the innermost stable circular orbit [9] . This follows from the very definition of the ISCO. Nevertheless, the adiabatic approximation holds for most of the orbital evolution, and its breakdown will not be an obstacle in the forthcoming analysis.
Assumption 6: The gravitational waves emitted by the binary system are monitored by a space-based interferometric detector (such as LISA) during an entire year before the mass µ reaches the innermost stable circular orbit.
We shall calculate that during this time, the angular velocity changes by a fractional amount of order unity. We shall also find that N , the total number of wave cycles received by the detector during the year's worth of observation, is quite large. In typical situations, N ∼ 10 5 .
B. Construction of the signal
In brief, the model gravitational-wave signal is based upon a Taylor expansion about the innermost stable circular orbit. The justification for this was given in Sec. I F, and will be repeated in Sec. II C. The model signal is also based upon the adiabatic approximation, which is itself a consequence of assumptions 1 and 5. And finally, we shall construct the signal by focusing mostly on its phasing, as was motivated in Sec. I C.
We now proceed. Combining the adiabatic approximation with assumption 3 (regarding the circularity of the orbit) implies that the gravitational waves have a frequency component at every harmonic of the angular velocity Ω(t). (Here we indicate that the angular velocity evolves slowly with time.) More precisely [9, 13] , the frequency F m associated with the m'th harmonic is given by 2πF m (t) = m Ω(t). We single out the strongest frequency component, and assume that only this component is actually measured by the gravitational-wave detector.
where E denotes the orbital energy of the mass µ. The numerator of Eq. (2.1) represents the energy lost per unit time to gravitational waves. The denominator gives the relationship between orbital energy and angular velocity. The adiabatic approximation ensures that E and F change very little over the course of one orbit, so that these quantities are actually well defined. As was pointed out before, the adiabatic approximation, and therefore Eq. (2.1) also, break down as the mass µ reaches the innermost stable circular orbit. This does not represent an obstacle to our modeling; we will return to this point in Sec. II C. We denote by f 0 the gravitational-wave frequency at the innermost stable circular orbit. To indicate that f 0 must scale as the inverse power of M , we introduce the notation
where v 0 is a scale-invariant quantity; the factor of π was inserted for convenience.
We expand dE/dt about the innermost stable circular orbit. Since the gravitational-wave luminosity must scale as the square of the mass ratio, we write
Here, p andp are phenomenological parameters. The value that these parameters take depends on the nature of the mass M and on the correct description of gravitational radiation. Specific cases will be considered in Sec. III and VI. For the time being, however, we leave these parameters undetermined. The factor of v 0 10 was inserted for convenience, and the dots designate terms of higher order in 1 − F/f 0 .
We also expand dE/dF about the innermost stable circular orbit. To do this we recall that the ISCO is defined to be that particular orbit for which an infinitesimal change in orbital energy produces a large change in the orbital radius, or in the angular velocity (which is related to the radius by a Kepler-type relation). The defining property of the ISCO is therefore that dE/dF must go to zero there. (See the Appendix for further details, and for a justification of the fact that dE/dF must vanish linearly with 1 − F/f 0 .) We also note that dE/dF must scale like the product of the two masses, as can be quickly seen from an elementary Newtonian calculation. We therefore write
As
where
Equation (2.5) can easily be integrated to give t(F ), and the phase function
can be obtained similarly.
We take the time-domain gravitational-wave signal to be
Here, A is the signal's amplitude at the time the mass µ reaches the innermost stable circular orbit; A is inversely proportional to the distance to the source. We shall also need an expression for the frequency-domain signal, which is obtained by Fourier transforming h(t):
The frequency f must be distinguished from F (t), the function of time which was also referred to as the frequency.
We evaluate the Fourier transform by invoking the stationary-phase approximation [29] , which actually follows from the adiabatic approximation [18] . (We shall return to this point shortly.) After substituting Eq. (2.8) into (2.9), we find that the argument of the exponential becomes i times 2πft(F ) − Φ(F ) ≡ ϕ(F ). Using Eq. (2.7), we see that this phase has a stationary point when 0 = dϕ/dF = 2π(f − F )(dt/dF ), that is, when F = f. The stationary-phase approximation then returns a factor [−ϕ (f)] −1/2 ∝ (1 −f/f 0 ) −1/2 which must be combined with the factor dt/dF | f ∝ (1 − f/f 0 ) coming from inside the integral. After simple manipulations, including the absorption of constants into a redefinition of A, we arrive at
Here, the constants t 0 ≡ t(f 0 ) and φ 0 ≡ Φ(f 0 ) + π/4 respectively represent time and phase at the innermost
C. Validity of approximations
Our model gravitational-wave signal is based upon a Taylor expansion about the innermost stable circular orbit. Such an expansion can be accurate only if 1 −f/f 0 is small throughout the entire frequency interval over which the signal is monitored. If f i denotes the initial value of the frequency, we would require ε ≡ 1 − f i /f 0 1. In Sec. III we will find that in typical situations, ε 1.1, and is therefore not small. This means that our model signal cannot be very accurate for frequencies near f i . This is most unfortunate, but we shall nevertheless proceed with our model signal, which at least has the virtue of being extremely simple. In view of the fact that our model also incorporates unrealistic assumptions (that the orbit must be equatorial and circular), we feel that this degree of sophistication should be sufficient for our purposes. We do not expect that the use, in our calculations, of a more exact representation for dF/dt would lead to very different conclusions. A more complete discussion of this point was given in Sec. I F.
We now discuss the breakdown of the adiabatic and stationary-phase approximations. The adiabatic approximation becomes invalid when the timescale over which F (t) changes becomes comparable to the orbital period. This translates to (1/F )(dF/dt) ∼ F or, upon using Eq. (2.5) and F ∼ f 0 ,
It can be shown that the same criterion applies to the breakdown of the stationary-phase approximation [18] .
To circumvent the problems associated with the breakdown of these approximations, we shall impose that Eq. (2.10) is valid for
only. For f > f f , the signal is taken to be identically zero. In any event, the part of the signal for which Eq. (2.12) is violated turns out to be irrelevant for the purpose of Sec. V. Indeed, we shall see that most of the signal-tonoise ratio is accumulated when (1−f/f 0 ) is much larger than V. This is reflected in Eq. (5.4), below.
III. SCHWARZSCHILD BLACK HOLE
To give concreteness to the framework introduced in the preceding section, and to prepare the way for the next, here we consider the special case in which the mass M is a Schwarzschild black hole. In this and the following section we assume that general relativity gives the correct description of gravitational radiation.
In this context, the signal's dominant frequency is at twice the orbital frequency, so that 2πF = 2Ω = 2(M/r 3 ) 1/2 , where r is the orbital radius in Schwarzschild coordinates. Since the innermost stable circular orbit is located at r = 6M [19] , Eq. (2.2) gives
The gravitational waves emitted by a mass µ in circular motion near the ISCO of a Schwarzschild black hole of mass M can be calculated using the methods of blackhole perturbation theory [13, 30, 31] . The numerical evaluation of dE/dt then yields estimates for the constants p andp appearing in Eq. (2.3). Using the results presented in Ref. [32] , we obtain p 7.30,p 3.78.
(3.2)
On the other hand, dE/dF can be calculated analytically, since this quantity relates orbital energy and angular velocity for circular geodesics of the Schwarzschild spacetime. An elementary calculation yields
3) We now use the results obtained thus far to estimate the parameters which characterize the gravitational-wave signal.
We begin with the final-frequency parameter, f 0 . Use of Eqs. (2.2) and (3.1) yields the relationship between f 0 and M , which we write as
We have chosen a fiducial value of 1 × 10 6 M for M , to ensure that for such a mass, f 0 = 4.4 × 10 −3 Hz, where LISA's sensitivity is near maximum. In the way it is written, Eq. (3.6) remains valid even when the mass M is not a Schwarzschild black hole; in such a situation v 0 would differ from 6 −1/2 . The same will be true for most of the equations listed below.
Next, we use Eqs. (2.6), (3.1), (3.2), and (3.5) to obtain V = 3.95 × 10
and α 1.62.
(3.8)
Continuing with our estimates, we consider a situation in which the gravitational waves are monitored during an entire year before the mass µ reaches the innermost stable circular orbit. We ask: what is the corresponding fractional change in frequency? To answer this we integrate Eq. (2.5) for t(F ):
Choosing f i to be the initial frequency, letting ∆t We recall that according to Eqs. (2.12) and (3.7), the signal must be cut off at a final frequency f f given by
Finally, we estimate N , the number of wave cycles received by the detector during the year's worth of observation. Even though the signal is not monochromatic, for our purposes it is sufficient to define The last line follows from Eq. (3.10) and is displayed here for future reference. We see from Eq. (3.12) that for an integration time of one year, the total number of wave cycles is quite appreciable.
IV. KERR BLACK HOLE
We now generalize the discussion of the previous section to the case of a Kerr black hole.
As before we have that the dominant component of the gravitational waves has a frequency given by F = Ω/π. For a Kerr black hole, this reads [20] πM F = 1 r 3/2 + χ .
Here, we use a dimensionless radial coordinate r which is a rescaled version of the usual Boyer-Lindquist coordinate, namely, r = r BL /M . The dimensionless constant χ is related to J , the intrinsic (spin) angular momentum of the black hole, and also toL, the unit vector pointing in the direction of orbital angular momentum:
Thus, χ is positive if the orbital motion proceeds in the same direction as the black-hole rotation (such an orbit will be termed direct); χ is negative if the orbital motion proceeds in the direction opposite to the black-hole rotation (such an orbit will be termed retrograde). It should be noted that χ is restricted to the interval [−1, 1]; |χ| = 1 describes an extreme Kerr black hole. The innermost stable circular orbit is located at the value of r which satisfies r 2 − 6r + 8χr 1/2 − 3χ 2 = 0. The solution is [20] 
We observe that for χ = 0,r = 6, the Schwarzschild value. For χ = −1 (extreme black hole, retrograde orbit) we haver = 9, whiler = 1 for χ = 1 (extreme black hole, direct orbits). The equation r = 1 also describes the event horizon of an extreme Kerr black hole. It is useful to record the expansion This series can be inverted to give
We will use this result in order to reproduce, for the specific case of a Kerr black hole, the expansions (2.3) and (2.4) for dE/dt and dE/dF , respectively. The computation of the gravitational-wave luminosity, E GW ≡ −dE/dt, for a specified circular orbit of the Kerr spacetime, is carried out numerically using the methods of black-hole perturbation theory [25] . In such calculations, the value of the radius is conveniently used to characterize the orbit. By computingĖ GW (r) andĖ GW (r), where a prime denotes differentiation with respect to r, we have access to the parameters p andp. The precise relations are
.
These parameters are listed in Table I for several values of χ. The data from which p andp were obtained was kindly provided by Masaru Shibata (Osaka University, Japan). Because it is increasingly difficult to calculatė E GW for increasing values of |χ|, such computations were not carried out for |χ| > 0.9.
As for the case of a Schwarzschild black hole, the calculation of dE/dF , and its expansion near the innermost stable circular orbit, proceeds analytically.
We begin with the relation between orbital energy and radius [20] : 
After differentiation and upon using Eq. (4.1), we obtain
(4.10)
We recognize, in the numerator, the expression r 2 − 6r + 8χr 1/2 − 3χ 2 which vanishes when r =r. An expansion about this point will therefore be of the form (2.4), as we shall see presently.
We point out that this statement is false in the case of direct orbits around an extreme Kerr black hole. When χ = 1 the denominator of dE/dF also goes to zero at r =r = 1, and as a consequence, dE/dF does not vanish at r =r. Instead,
We may therefore conclude that the condition r =r does not, in the case of direct orbits around an extreme Kerr black hole, correspond to a genuine innermost stably circular orbit, since dE/dF fails to go to zero there. The case χ = 1 therefore represents a singular limit in the framework introduced in Sec. II, and we shall exclude it from further considerations. More details about this point can be found in the Appendix. As was stated before, expansion of Eq. Plots of q(χ) andq(χ) are provided in Fig. 2 . We observe that for χ = 0, Eqs. (4.12) and (4.13) reduce to the Schwarzschild expressions given by Eq. (3.5). For
In view of Eq. (4.11), it is not surprising that these quantities should diverge in this limit.
We use our results for v 0 , p,p, q, andq to calculate V and α according to Eq. (2.6). Plots of these quantities are provided in Figs. 3 and 4 . Before leaving this section we point out that Eqs. (3.6), (3.7), and (3.10)-(3.12), which provide estimates for f 0 , V, f i /f 0 , f f /f 0 , and N , are quite general: they therefore apply equally well to the case of a rotating black hole.
V. ESTIMATION OF SIGNAL PARAMETERS
A. Introduction
The last two sections were devoted to special cases of the general framework introduced in Sec. II. In such cases there exists a specific relationship between the signal parameters {f 0 , V, α} and the source parameters {µ, M, χ}. For example, in the case of a Kerr black hole, α is a function of the single variable χ; this function is represented in Fig. 4 .
We now return to the general framework of Sec. II, in which the nature of the mass M is left unspecified. The framework also makes no specific choice regarding the correct description of gravitational radiation.
In this framework the gravitational-wave signal is given by Eq. (2.10), which we rewrite as
For the purpose of this section we consider Eq. (5.1) to be exact, ignoring all relative corrections of order (1 − f/f 0 ) in the amplitude, and all relative corrections of order (1 − f/f 0 ) 2 in the phase. The signal is characterized by six parameters, which we group into the vector
The purpose of this section is to calculate, for a given signal strength, how accurately the parameters θ can be estimated during a gravitational-wave measurement.
B. Parameter estimation
The statistical theory of signal detection and measurement [33, 34] has repeatedly been applied to the specific case of gravitational waves [35, 36] . For a complete exposition, we refer the reader to Refs. [15, 18, 37] . That the theory must be statistical in character follows from the facts that gravitational-wave detectors are noisy, and that the noise is a random process, here assumed to be stationary and Gaussian. In this subsection we apply the theory to calculate, in the limit of large signal-to-noise ratio, the expected statistical errors associated with the estimation of the signal parameters θ.
We first introduce the inner product (·|·): If a and b are two functions of time, with Fourier transformsã and b, then
Here, an asterisk denotes complex conjugation, and S n (f) is the spectral density of the detector noise, the Fourier transform of the noise's autocorrelation function.
The detector has good sensitivity where S n (f) is small, and poor sensitivity where S n (f) is large. For LISA, S n (f) is small in the frequency bandwidth between 10
and 10 −1 Hz [1] . The precise behavior, and overall normalization, of S n (f) will be of no concern to us.
The signal-to-noise ratio ρ associated with the measurement of a signal h(t) by a detector with spectral density S n (f) is given by ρ 2 = (h|h). This is simply evaluated for our model signal (5.1). Expanding the spectral density as S n (f) = S n (f 0 )[1+O(1−f/f 0 )], neglecting the second term for consistency, and integrating from f = f i to f = f f , we obtain
Here, ε = 1 − f i /f 0 , and is given by Eq. (3.10). We have neglected V 2 in front of ε 2 , cf. Eq. (3.11). From Eq. (5.4) we see that the signal-to-noise ratio is proportional to the signal's amplitude times the square root of its duration (as measured by ε), and inversely proportional to the noise's amplitude.
We calculate the anticipated accuracy with which the parameters θ can be estimated during a gravitationalwave measurement. In the limit of large signal-to-noise ratio (or small statistical errors), the calculation involves computing, and then inverting, the Fisher information matrix Γ ab = (h ,a |h ,b ) , where h ,a = ∂h/∂θ a is the partial derivative of the signal with respect to the parameter θ a .
With the ordering provided by Eq. (5.2), the partial derivatives are given bỹ
where 6) and x = 1 − f/f 0 . Then, using Eq. (5.4) and the same approximation for S n (f) as was used before, we have that
These integrations are easily carried out. Because its expression is rather large, the Fisher matrix will not be displayed here.
The meaning of the Fisher matrix is as follows [15, 18] . Because of random noise, the output of a gravitationalwave detector is also random, even when a signal of the form h(t; θ) is known to be present. Consequently, an estimation of the parameters θ comes with inevitable statistical uncertainty. It can be shown that in the limit of large signal-to-noise ratio, the probability distribution function for the parameters θ is of the Gaussian
, whereθ denotes the true value of the signal parameters. It follows that the variance-covariance matrix,
, where · denotes an averaging with respect to the specified distribution, is given simply by the inverse of the Fisher matrix,
In terms of this, the "one-sigma" statistical error associated with the estimation of parameter θ a is given by
where there is no summation over the repeated indices.
To invert the Fisher matrix we proceed as follows. After computing the matrix we use Eq. (3.12) to express V in terms of ε and N . The matrix is then inverted algebraically, using the symbolic manipulator Maple. Thus far all expressions are exact, and quite large. To simplify, we take advantage of the fact that according to Eq. (3.12) , N is numerically very large. We therefore expand our exact expression for Σ in powers of 1/N , keeping only the leading-order term. It can be verified that the resulting matrix is equal to Sigma, apart from a fractional correction of order 1/N 2 . We obtain the following results: To put this in a more concrete form we evaluate a, b, and c at ε = 1.1 and α = 1.6; cf. Eqs. (5.12)
From these expressions we observe that: (i) The relative accuracy with which A, the amplitude parameter, can be estimated is precisely equal to the inverse signalto-noise ratio. We shall call this level of accuracy the "signal-to-noise ratio level". (ii) The estimation of f 0 benefits the most from the large number of wave cycles; its accuracy is typically three orders of magnitude better than the signal-to-noise ratio level. (iii) The estimation of V and α also benefits from the large value of N ; their accuracies are respectively three and two orders of magnitude better than the signal-to-noise ratio level. (iv) The uncertainties associated with the parameters t 0 and φ 0 are independent of N .
C. Measurement of black-hole parameters
For the purpose of this subsection we return to the special case in which the mass M is a Kerr black hole (Sec. IV). The question we ask is: What does a measurement of the signal parameters {f 0 , V, α} tell us about the source parameters {µ, M, χ}?
Inspection of Figs. 1, 3 , and 4 reveals that the quantities πM f 0 ≡ v 0 3 , η −1 V, and α are all functions of the single variable χ. Here we have defined η to be the mass ratio:
We therefore write
It follows from these relations that a measurement of α yields the value of χ. Knowing χ, a measurement of V then gives η. And finally, a measurement of f 0 returns the value of M . In this way, the source parameters can all be estimated from a measurement of the gravitationalwave signal. The question remains as to how accurately all this can be done. This is the question we turn to next.
We first consider the estimation of χ, the black-hole rotation parameter. It follows from Eq. (5.14) that in the limit of small measurement uncertainties, the error in χ is given by
where a prime denotes differentiation with respect to χ.
To express this in a more concrete form it would be desirable to explicitly compute the function C (χ). Unfortunately, this cannot be done reliably, since C(χ) was evaluated at only a few widely separated points. Nevertheless, we crudely estimate C (χ) to be 0. We now repeat this procedure for η, the mass-ratio parameter. In the limit of small uncertainties, Eq. (5.14) implies
A crude estimate reveals that |B /B| 1.1 at χ = 0. This means that the uncertainty in χ dominates the uncertainty in η, and we find For typical situations, ∆η/η 5.5 × 10 −2 /ρ, a degree of accuracy one order of magnitude better than the signalto-noise ratio level.
Finally, we consider the accuracy with which M , the black-hole mass, can be estimated. We once more use Eq. (5.14) to derive
A plot of A /πA is provided in Fig. 5 . Once more we find that the uncertainty in χ dominates over the other contribution. Evaluation at χ = 0 yields
It can be seen from Fig. 5 that the uncertainty in M would be smaller than this for negative values of χ, larger for positive values, and significantly larger for χ approaching unity. For typical situations, ∆M/M 2.4 × 10 −3 /ρ, a degree of accuracy three orders of magnitude better than the signal-to-noise ratio level.
The bottom line is that during a gravitational-wave measurement, the source parameters {µ, M, χ} can be estimated with a degree of accuracy that is much better than the signal-to-noise ratio level.
D. Testing general relativity
Since the framework of Sec. II makes no explicit reference to a particular model for the mass M , nor to a particular theory of gravitation, we may ask whether it leads to a viable strategy for testing the strong-field predictions of general relativity. More precisely, we ask: Can a measurement of the signal parameters {f 0 , V, α} allow us to test the hypothesis according to which the central object is a Kerr black hole and the correct theory of gravitation is general relativity?
Clearly, measuring f 0 and V if of no use in this purpose. This is because f 0 and V respectively depend on M and η = µ/M , which are not known prior to the measurement. Therefore, measuring f 0 and V offers no way of distinguishing two different models for the source which, by adjusting the values of M and µ, give identical values for f 0 and V.
The parameter α is more useful. It is a consequence of the standard model (the mass M is a Kerr black hole and the correct theory of gravitation is general relativity) that α is restricted to the interval I sm = (−∞, 1.8). Measuring α therefore leads to a way of testing general relativity, since a measured value of α outside I sm would unambiguously invalidate the standard model, Of course, while viable in principle, this test is very much a partial one, and leaves much to be desired. For example, it is impossible to say which aspect of the standard model is violated when α ∈ I sm . Another shortcoming is that there could well exist a wide class of alternative models for which α is restricted to an interval I which is a subset of I sm . The test offers no way of ruling out models belonging to this class. Finally, we must also recall that the entire framework is based upon a rather restrictive assumption: that the orbit must be circular and within the equatorial plane.
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APPENDIX
In this Appendix we consider the motion of a test mass in a spacetime satisfying the following properties: it is stationary and asymptotically flat, possesses axial symmetry, and is reflection symmetric about the equatorial plane. We do not assume that the spacetime metric satisfies the Einstein field equations. However, for simplicity we shall assume that the test mass is moving freely, so that it follows a geodesic of the spacetime. Generalization to the presence of external forces (which also satisfy the symmetry requirements) would be straightforward. We shall focus our attention on equatorial, circular orbits, the meaning of which will be made precise below.
The results obtained in this Appendix form the basis for the construction of the model signal of Sec. II.
Equations of motion
We introduce coordinates (t, r, θ, φ) to chart the spacetime. We take t to be the time coordinate associated with the timelike Killing vector ξ = ∂/∂t, and normalized such that it is equal to proper time for observers at rest at infinity. We take r to be a well-behaved radial coordinate, such that circular orbits (defined in a coordinateinvariant way below) are described by r = constant. We take θ and φ to be the usual spherical coordinates, such that φ is associated with the Killing vector χ = ∂/∂φ. In these coordinates, according to the specified symmetries, the only off-diagonal component of the metric is g tφ . For the specific case of a Kerr black hole, the coordinates employed reduce to the Boyer-Lindquist coordinates [19] .
Reflection symmetry about the equatorial plane ensures that the motion of a test mass can be restricted to lie in this plane. (Of course, such a restriction represents a loss of generality). We therefore take θ = π/2, and the four-velocity is u α = dx α /dτ = (ṫ,ṙ, 0,φ), where an overdot denotes differentiation with respect to proper time τ . The quantities 
(A3)
As was indicated, the metric functions are considered to be functions of r only, since they are evaluated at θ = π/2. We define a function Ω by Ω(r,Ẽ,L) = dφ dt = Φ(r,Ẽ,L) T (r,Ẽ,L) .
This represents the angular velocity of the test mass, as measured by an observer at rest at infinity.
Circular orbits
We define an orbit to be circular if r is constant along the orbit. The conditions for this to be true areṙ =r = 0. According to Eq. (A3), this means R(r,Ẽ,L) = ∂R ∂r (r,Ẽ,L) = 0.
These equations determine the values thatẼ andL must take in order to produce a circular orbit at radius r. For an orbit at r = r 0 , we shall denote these values byẼ 0 andL 0 . Let Ω 0 be the angular-velocity function evaluated at r = r 0 ,Ẽ =Ẽ 0 (r 0 ), andL =L 0 (r 0 ). We therefore have the important result that the angular velocity is uniform along a circular orbit. This provides a coordinateinvariant definition of circularity, a property that has nothing to do with the geometric appearance of the orbit. As a condition on our choice of radial coordinate, we require that Ω 0 be a smooth, monotonic function of r 0 .
Neighboring circular orbits
We now consider two neighboring circular orbits, the first at r = r 0 (with associated parametersẼ 0 andL 0 ), the second at r = r 1 (with associated parametersẼ 1 and L 1 ). We assume that r 1 = r 0 + δr 0 , with δr 0 a small quantity. Correspondingly,Ẽ 1 =Ẽ 0 + δẼ 0 andL 1 = L 0 + δL 0 . We want to calculate various relationships between the displacements δr 0 , δẼ 0 , and δL 0 .
From Eq. (A5) we must have R(r 1 ,Ẽ 1 ,L 1 ) = 0. Expanding this about (r 0 ,Ẽ 0 ,L 0 ), up to first order in the displacements, gives
This equation takes a more familiar form if we use Eq. (A3) to evaluate the partial derivatives. We quickly arrive at
Equation (A5) also implies that ∂ r R(r 1 ,Ẽ 1 ,L 1 ) = 0. Expanding, using Eq. (A3) to evaluate the partial derivatives, and Eqs. (A4) and (A6) to simplify the result, we arrive at 
We notice that (∂ r Φ−Ω∂ r T )/T = ∂ r Ω. Regularity of the radial coordinate therefore implies that the right-hand side of Eq. (A7) is nonzero whenever T = 0, or g rr = ∞. A similar calculation would yield δΩ 0 in terms of either one of δr 0 , δẼ 0 , or δL 0 .
Innermost stable circular orbit
We assume that the spacetime is such that stable circular orbits can only exist at radii larger than some limiting value r isco . At r = r isco , circular orbits become unstable, in the following sense: an infinitesimal change in the orbital energy (or orbital angular momentum) produces a finite change in the orbital radius. The innermost stable circular orbit is therefore defined to be that particular circular orbit at which δẼ 0 δr 0 isco = 0.
We shall assume that the condition 2 Ω 0 g rr
∂Φ ∂r
− Ω 0 ∂T ∂r isco = 0 (A9)
holds.
[For the specific case of a non-extreme Kerr black hole, this condition can be shown to hold for both direct and retrograde orbits, for any value of the hole's angular momentum. However, for the special case of an extreme Kerr black hole, the condition is violated for direct orbits. This is because g rr | isco = ∞, which signals the presence of an event horizon at r = r isco . As a result, δẼ/δr 0 never goes to zero for direct circular orbits around an extreme Kerr black hole.] Combining Eqs. (A8) and (A9), we obtain
The innermost stable circular orbit corresponds to an inflection point of the effective potential R.
We have required that Ω 0 be a smooth, monotonic function of r 0 . Equation (A8) therefore also implies that
